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C Flux and Convection

It’s very common in physics to talk about the flow of various properties or particles in space. In this appendix,
we develop a nice simple formalism that helps us think about these flows.

The first way to describe a property’s flow in space is to look at its density in space and time ρ(r, t).
This could be the number of particles, energy, mass, etc. For now, we will refer to whatever this quantity is
as “the substance”. By definition, we say the amount of substance S in some volume V at time t is

S(V, t) =

∫
V
ρ(r, t)dV (C.1)

Now consider an alternative measurement of the substance. Consider setting up a wall and tracking
the rate at which this property flows through it. For energy, for example, it would be the power output to
the wall. We could then rotate this patch in all directions to get a vector rate for the flow. This quantity
is clearly a well-defined and intuitive notion of how the property is moving in space and time. If we take
this flow per area per time, we call this the flux and denote it J(r, t). Now, say we had some volume V and
wanted to know how much substance was leaving it at any second. Well, by definition, any patch dA lets
out J · dAdt at any given moment. This means the rate at which the volume is losing the substance from
flow is

− dS(V, t)
dt

=

∫
∂V

J(r, t) · dA (C.2)

Note: it is the amount that the volume loses and not gains by the way we define dA which is naturally an
outward vector by convention. This is the source of the negative on the left.

One may already notice the connection between the density and flux.

dS(V, t)
dt

= −
∫
∂V

J · dA =

∫
V

∂ρ

∂t
dV (C.3)

Here, there is no better application of Gauss’ law.

∇ · J = −∂ρ
∂t

(C.4)
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This is called the continuity equation and is quite beautiful. We took two really intuitive
concepts: density and flux and compactly put them together in one equation. You may however notice a few
uncomfortable things. Namely, the flux is not a unique vector given a density. This makes sense because
imagine adding a constant vector to J. This would be like adding the same flux everywhere in space at all
times. We would never be able to see the effect of this in the density function because the same amount
enters a point as exits. We would only sense this difference from measuring with a wall as described earlier.
What it does however tell us is that if we have a vector and scalar field that satisfy the properties above,
then the vector can be thought of as a flux for the scalar in a physical sense.

C.1 Particle Carriers

Many times properties are carried by particles. In these cases, we have a really natural way to define our
flux. Let n(r, t) represent particle density. In reality, there is actually have a more fundamental function
ñ(r,v, t) which also gives the distribution of particle velocities. Let’s assume we have this. We can recover
our original function by integrating over all velocity space V .

∫
V

ñ(r,v, t)d3v = n(r, t) (C.5)

Now, assume there are no interactions between the particles. They can even move through each
other. Also assume none are being created/destroyed. We know velocity, position, and time are very
dependent on each other so our new function then cannot just be any function. If for example, the function
tells us all particles are moving to the right but the density in space is increasing on the left, something is
clearly wrong. So let’s put some limitations on it.

Say we have some amount of particles at (r,v, t). We know a time ∆t ago, they must have had the
same velocity given our assumptions and been at position r− vδt. This puts the following restriction on ñ.

ñ(r,v, t) = ñ(r− vδt,v, t− δt) (C.6)

We can then rearrange a little.

ñ(r,v, t)− ñ(r− v∆t,v, t−∆t)

∆t
= 0 (C.7)

And now take a limit because it holds for all time intervals.

lim
∆t→0

ñ(r,v, t)− ñ(r− v∆t,v, t−∆t)

∆t
= v · ∇rñ+

∂ñ

∂t
= 0 (C.8)

Through a simple vector identity, we can show that v · ∇rñ = ∇ · (vñ) and the following result is
achieved.5

∇ · (ñv) = −∂ñ
∂t

(C.9)

This is a beautifully simple result. The flux for ñ is simply ñv. Integrating both sides over the
velocity field yields

5We only momentarily included the r in the nabla because velocity was a consideration but from now on, it will not be.
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∇ ·
(∫

V

ñvd3v

)
= −∂n

∂t
(C.10)

We now have acquired a nice expression for the flux of particles under conservative collision-less
motion.

Of course, collisions are a vital part of any realistic system and the incorporation of this can be
very complicated. To preserve our intuition from collision-less systems, we often define a mean flow vector
u(r, t) which, for collisional systems, is defined as the vector that satisfies

∇ · (nu) = −∂n
∂t

(C.11)

It may seem arbitrary as it is merely the flux divided by the particle density. However, notice that for
collision-less motion, ~u reduces to quite literally the mean velocity.

u =
1

n

∫
V

ñvd3v =

∫
V
ñvd3v∫

V
ñd3v

(C.12)

In fact, in many systems, like in electromagnetism, most particles will be moving in the same
direction preventing most collisions. In these cases, (C.10) provides a good approximation.

C.2 Particles Properties

We also are interested in properties carried by particles like mass, energy, charge, momentum, etc. Given n
or ñ, how can we understand the flow of these properties?

It turns out to be a simple extension. Consider, for example, the density of some property ρ(r, t).
Say it is charge and the particles are electrons. Then ρ = −ne because each particle carries charge −e. If it
is kinetic energy and the particles have mass m, we could set up an auxiliary distribution like earlier ρ̃ (as it
depends on velocity) and ρ̃ = 1

2mñv
2 with the same reasoning as charge. Because the properties are carried

by particles alone, the property density will always be proportional to the particle density. But how about
flux?

It follows pretty straightforwardly that based on whatever our property is, we can carry out the
above derivation of particle flux but multiply all the sides by the necessary factor to get our property flux.
The kinetic energy density and flux relation could, for example, be written

∇ ·
(∫

V

1

2
ñmv2vd3v

)
= −∂ρ

∂t
(C.13)

C.3 Breaking Conservation: Sources and Sinks

In some cases, particle conservation however could not hold. Say, for the sake of argument, that at every
point in space particles are destroyed at a rate of λ per unit volume per time. Then, in fact, we would need
the following addition.
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∂n

∂t
= −∇ · (nu)− λ (C.14)

Based on if the property is increasing or decreasing, this is called a source or a sink. In this case, it is a
sink.

In fact, any property is subject to this breaking of conservation. Ignore particles now and think
about any substance in space. Say, for example, we have electromagnetic energy u traveling in space and
there is a charged particle. It will absorb some energy and convert it into kinetic energy which would be a
sink. Maybe a light is turned on with power density P (r) and we would have the equation

∂u

∂t
= −∇ · Ju + P (C.15)

The reason our very first relation between the density and flux now fails is because when we
considered dS

dt , we only considered the change due to flow assuming that the substance was already conserved.
In fact, say you are given a vector J and ρ that are known to be, in some sense, a flux and density for a
substance, we then say the substance is locally conserved if it follows (C.4). The continuity equation is
then not only a relation between flux and density but an assertion of conservation.

D Calculus with Implicit Variables

Physics deals with systems whose variables are very interrelated. In gases, for example, temperature T ,
pressure P , and volume V can all be calculated given the other two.

PV = nT (D.1)

where n is particle density.

In general, such a relation is expressed in the following form.

f(P, V, T ) := PV − nT = 0 (D.2)

These are called implicit relations. It is clear that any equality relation between variables can be
packed into a function which we require to be zero. The reverse, however is not true. Say we were given
an equation f(x, y) = 0 and asked to solve for y in terms of x. This, in general is not possible. A clear
counterexample is the following function.

f(x, y) = x2 + y2 − 1 (D.3)

This is the unit circle. It is clear that, given just one of the variables, you cannot uniquely determine
the other. This is very important for the following.

The question then comes, what does it mean to take derivatives like, for example ∂T
∂V ? Well, first

we need to solve for T in terms of V and P which we already know is not generally possible but say it is for
now. Let us assume the same relation as before. This derivative can be interpreted in two ways.

23


