
An Introduction

Electromagnetism encompasses the study of the classical field theories of the electric field E(r, t)
and the magnetic field B(r, t). They are often concatenated and called the electromagnetic field. For
now, simply think of them as some vector fields that can change with time.

Charge

To properly understand the electromagnetic field, we must understand charge. The fundamental
particles of the universe all carry a certain property called charge q ∈ R, like mass. As discussed in Appendix
C, we can study the flow of such a property in space by looking at its density ρ(r,v, t) which we will call the
charge distribution and its flux vector J which we will call the current density. We will stick to these
symbols throughout to describe these two quantities.

However, it is often the case ... [Talk about when and how J = ρv]

We are now ready for the following.

Postulate 6.1 (Maxwell’s Equations). The following relate charge to the electromagnetic field and are called
the Maxwell equations.

∇ ·E =
ρ

ε0
(6.1)

∇×E = −dB

dt
(6.2)

∇ ·B = 0 (6.3)

∇×B = µ0J + µ0ε0
dE

dt
(6.4)

ε0 and µ0 refer to the permittivity of free space and permeability of free space respectively which
are simply physical constants.

Postulate 6.2 (Lorentz Force). At each point in space, the electromagnetic field induces a force F called
the Lorentz force. For a particle with charge q and velocity ~v, the force is given by

FLorentz = qE + q~v ×B (6.5)

We take this alone as our postulate of electromagnetism and proceed to make sense of it.

Some Observations

Superposition: Take two solutions for the electromagnetic field (E1,B1) and (E2,B2) for given
charge distributions ρ1 and ρ2. It is clear from the equations that a possible solution for the joint charge
distribution αρ1 + βρ2 is (αE1 + βE2, αB1 + βB2) that is they are linear. This is called the principle
of superposition. From a historical perspective, that is what even justifies these equations because if it
weren’t true, the notion of looking at a charge density instead of the individual particles would make no
sense.

Continuity: In any property that flows in space, it is useful to know if it is conserved or not. Let’s
take the divergence of 6.4 and see what happens.
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∇ · (∇×B) = ∇ ·
(
µ0J + µ0ε0

dE

dt

)
0 = ∇ · J + ε0

d

dt
(∇ ·E)

∇ · J = −dρ

dt

(6.6)

We see that this yields the continuity equation! This means the total charge is conserved which
avoids many complications in calculating the relationship between the charges and currents. Once again,
historically, the conservation of charge came first which actually motivated Maxwell to construct the
fourth equation, the last term of which was missing at the time.

Vacuum Solutions: Consider these equations in a vacuum defined by regions where ρ = 0,J = 0.
Upon inspection, one may notice that there still exist nontrivial solutions to the electromagnetic field. In
fact, we can show these vacuum equations, when rearranged, yield the wave equation for both the electric
and magnetic field.

∇2(E,B) =
1

µ0ε0

∂2(E,B)

∂t2
(6.7)

These solutions are quite profound and we will derive and solve them in detail in the chapter on electro-
magnetic waves.

The General Dynamic Problem

As we have postulated, an electromagnetic field can be induced by charges and charges can be moved
by the electromagnetic field. This means there is more information to consider about the time dependence
of these quantities than just the Maxwell equations. We must track the movement of charges and their
resultant effects on the fields. This however is much harder than it looks for various reasons.

Mass: The effect of the force on the charges requires information about the mass of the particles
which may not always be given. In fact, there is not even a direct correlation between mass and charge at
all times. A very large atom, for example, may have one extra electron making it negative while another
smaller atom might simply have many extra electrons. Let’s say we could even solve this problem by saying
all charge carriers are of the same mass. We then still run into the following problem.

Negative Charges: It just so happens that the world permits negative charges. This is an
amazingly large problem when studying the dynamic problem. For example, say we have ρ = 0/. Now
consider a constant electric field in space with no magnetic field. The Lorentz force seems to tell us that
because there is no charge, nothing will be moved, and hence the charge distribution will stay the same.
However, it could be the case that there is a dense distribution of both positive and negative charges in space
that sum to zero. In this case, the Lorentz force would drastically push the positive charges in one direction
and the negative charges in the other. The essential problem here is that forces have to do with individual
particles and a lot of information about these particles is lost when constructing the charge distribution.

Information Propagation: As some may know from relativity, information is limited by the
vacuum speed limit, c. This means any information about changes in the charge distribution must propa-
gate across space to influence the electromagnetic field. These can cause quite a bit of complications but
nonetheless has been investigated. The usual way of describing this is through Jefimenko’s equations but
we will investigate this at a later time once we have built intuition for EM.

Due to these complications, we usually work in two different regimes. We say the particles are
insulated or are in an insulating material when the charges are held still by some external apparatus. If
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the charges can move, they are said to be in a conducting material. The vacuum of space, for example, is
conducting.

Although we work with both insulated and conducting charges, we will be very careful so as not
to run into the complications described earlier. We are not so limited though as we can still investigate
equilibrium cases, as we do with conductors, or rely on empirical data as we will do with Ohm‘s Law.

Charge and Current Convention

[Talk about point, line, and surface charges/currents.]

————-

The next few sections will look into various special cases and refinements on these equations.

The chapters on electro-/magnetostatics will focus on the cases where the electromagnetic field
is constant which we will see essentially reduces to

dρ

dt
= 0

dJ

dt
= 0 (6.8)

You may also notice, upon inspection, that the electromagnetic field, is in fact not uniquely deter-
mined by the charge distribution. The chapter on electromagnetic waves then will study the fluctuations
in the field in the vacuum case where

ρ = 0 J = 0 (6.9)

It also happens that charge often comes in the form of atoms which are usually neutral. Although
neutral, there is still some separation in the positive charge of the proton and the negative charge of the
electron causing two field solutions that don’t quite cancel out to zero. It becomes extremely hard to model
large distributions of these close opposite charges so we then introduce two new distributions called the
polarization P and magnetization M that can be used to nicely describe such close charges. From
this, we construct two new fields: the displacement field D := ε0E + P and the unclearly named field
H := B

µ0
−M. The Maxwell equations are then slightly altered in order to study electrodynamics in

matter.

∇ ·D = ρf (6.10)

∇×E = −dB

dt
(6.11)

∇ ·B = 0 (6.12)

∇×H = Jf +
dD

dt
(6.13)

7 Electro-/Magnetostatics

To start our understanding of these equations, we must first look into their static form. We say the static
case is when dE

dt = dB
dt = 0 at all times. We then know the Maxwell equations are of the form.

∇ ·E =
ρ

ε0
(7.1)
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